Chapter. 7 First-Order Differential Equations
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<Case 1> HIH|Z|O} =2

|
4| 2|0t= O| 2 &

ission: each cell reprocesses by dividing into two cells)2 = HA|S}HH,
SrH2IoF =7t =

= HlE22 T e| BhE|2|Of £=0f H|zi|BtCt
=, yt) 7t A2t el BHE2|of 4=
y'(t) = ky(t), k: HlH &=

y'(t)
y(t) >07H3sl1 O| A2 EH f dt =]kdt

otd SfJH, A|ZHOf| [HE EiH|E|OF 2| Hst H|E2 Ctad
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(4, k =702 O|X|==)

O|AZ O|28™dAlo AHS)| (General Solution)2t SHC}
If k>0 X|=Md%t

H Xl (Exponential Growth Law) : &7}
H2Al (Exponential Decay Law) : &2
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<O&> =Z|Z=0 9tE|2|0F HiFZ[0f| 1007H2| 7HMI 7t /LSO, 60£0] Xt =
1) 2H 2|0 N} X|+=Hez2 S71g I t+2 =2| /fx+=Z +diat.
2) 7HH|==7F 5o (200)7F & W7HX| A2 A[ZE FLStEL
Z4A: y(0) =100, y(60min) = 450
1) O 22 ™A y(t) = 4ektO|A] 4, K E F2HCt

- y(0) =100 = 4, y(60) = 450 = 100e%%% - 45 = %0k AZ0| InS F&t

In 4.5 o o) AL AL In 4.5
In45 =60k — k= — >o(37f%h,_) (2 —»  y(t) = 100exp 20 t

In4.5 L N
2) y(t) = 100 exp (WQ A y(t) =2007F E[= AlZhe 7+&F

In 4.5 In 4.5 60 In 2
200 = 100 exp (W t) - In2 = Wt [[l‘El‘A‘I - t= A5

= 27.65 (min)

ol 7HX|==7} 4500| =IC}.



AT A XF YO| Hto2 AAaR|=0 2= AlZt
14C (Bt2-14)9Q| HHZ 7| (5730H)E O| 85t = =2tMo| ALfE FEotL}

O| 42 BtAtY EtA D] £ (Radio Carbon Dating Method)O| 2t SHC}
HAls 22| A HlE2 HXiel o g ot

, =
O 22EA . ') =ky(@) (O710M ks HA2T )

O[H|, A2t t& I TAts Ea2 0| yt)O|H, AlZHY| [HE BztE2

y@® , 3
fy(t) dt—jkdt - y(t) = de*t



<Of™> X|Z2 14CE 50g, ¥10 AUCHH 100 =0 LotLt L1

O 22 ™>A y(t) = dekt

- y(0) = 509y, (=7 =4)
— y(5730) = 25g,, (“C2| BtZt7| 5730HO0|E 2 t=5730d =

T RS D|2WHA| HASHN 4, k FEICH

- y(0)=50=A4 - y(5730) = 25 = 50¢°730k OFH O InS =[5t

1

1 o
In (%) —Ined73% = 5730k — k= ;) —1.21x107* < 0 (Z 2T =F)

5730
n(3)

5730

In(3)

5730

(100) | = 49.4 g,

— 14 = —
atA y(e) = 50 exp( t)’ t =100 (100) = 50 exp



<Case 3> S=X|= Heating/Cooling ot=0| 2825 = AlZF & 2E5H (ETE A 5i4)

SOl HZF XAl (Newton's Law of Cooling) : X 0| A 2] Heating/Cooling Hl&2 =4

EH
— i = B
=L of = 2 Q0| XtO|0f Hfg| STk

lodr

EN2Z yi), T, FTHRE

1) Cooling?| 2% y(@) > T,

O 28FA: y' ) =K@y®) —-T) (C1710M k= STEAF)

y'(¢) - o
jy(t)—Ta dt = jkdt In|y(¢t) — T,| = Kt + ¢

ay() = e+ T, = ekt e + T, = A + T,

O 28784 y'(t) = K(Ta — y(t))

y(t) = T, — Ae™t



<O ™[> AHOe| X 2E7F 180°FO0|11 2& T2 &
HI| 7t 120°F7t &l = Tf7HK] &R E[= AL
y(0) = 180°F *x7|2% T, = 70°F
y(2) = 165°F 282 2O 2
O 2H™8A y(t) =4et +70 F 2U2
y(0)=180=A4+70 - ~A=110

y(2) = 165 = Ae*t + 70 = 110e?%* + 70

B0 IS %

|'c'>‘|-~
|

2k =In(2=) s k=5In(2>)=-0.073 (2

(t) = 120 = 110 exp 2 1n [ —= ) £ ] + 70
y()=120=2110exp{ 210100/ ¢

50\ _1 (95
" 110/ = 2 ™\ 100

=
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e

7 165FY M, 242/2] A7t 12 [ T o}
Tetat o F9\0| & 70Fetn JHEett
Aof ch
2 _ 92
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A8) MM 5 y(t) = 110exp (3In (=) t) + 70

100

50 1 (95),
110~ “P\2™\ 100
5
ln(m>
L2t - = S ~ 10.76(min)



0| & r(rate of annual interest)2 A3 P(Principal)22{& Y0 nHe| S22
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2|2 FASHE (F, n > 02| S0t F3)
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_ Sk ' — =
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= 11mP<1+—) = lim P<1+—> =P[llm <1+—> ] = Pe't
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< Off Af| >

23| o
Aol r=5.75%= A= P=$7,000=

1. & 522 8%

nt

P(1 +E) — 7,000 (1 +

2. Y 2|0 AL n =12 (12'H/year)
Font 0.0575\1®
p (1 + E) = 7.000 <1 = ) ~ 9325
3. & =E|9] 8% n = 365 (365H /year)
Fynt 0.0575) 36>
P(1+-) = 1
( +n) 7,000( t )
4. A% =29l 8F no o

FAE I t=5E 29| SN A

0.0575\"
—) =

n =1 (1%/year)

9,257

Pe™ = 7,000e(0-0575)(5) ~ 9331.6

ot

= 9,331.4



<Of| Af| >
(@) P = $10,0007} O H = 2498 HEX o2 ZEASHIY (r = —0.24)10H, 20 S 9| XpAE 7HK|E A ALStEL
t=0 y(t=0)=4e° = A=10,000
t =10 y(t=10) = 10,000e(-029(10) =$907.2

t =20 y(t=20)=10,000e(024(20) =$82 3

<Ol X >
(b) (a)OIM T3t 2f S3F XHAIHK 7 MHMo 2 2440 20 0= ME7t &&= Z22F Hlwstat
EOOF S ™A y(©)=at+b  F Z=H: yt=0) = 10,000, y(20) =0

= AAS HYSIG ZW a=0, b = 10,000
= y(t) = =500t + 10,000

When, t=10, y(t=10) = —500(10) + 10,000 = $5,000



S 0| Y 14c9| %t0| x1g YOl 20%2t1 FETICE 14Co| |IABZET| T} 5730 0|2+ H
Of

22 1) 4Co| S Y2t SHE AIZIO] 2 HBIE ¥'() = ky(©) = LR y(0) = Aek

y(0) = P (78), y(t)=§P(6dIH9| =7, y(5730)=§p Ol HFSH Ol CH QI BHC}

y(0) =P =A4e° = A =  y(t) = Pe*

y(5730) = %P: Pe5730k %_ 5730k

UFHO| |n %St = 1n(2)_5730k — k=02

5730

In2
(2t y(t) = Pe 730" 74 EICE O[M| HIHL| B y(b) = §P% CH ISt t= otC)

In2 In2
nt _L_

L 1 ~ In2
Pe 57307 = EP — e 5730 =3 %I:EO'” In —’F—l%l' =

2t =)

[EtA ¢ = 5713;)21“5 ~ 13,305 years




| (First-order Ordinary Differential Equation)
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< Off Af| >

y' = xy? — 2xy2| SH& Totet

x,yS] woR WY =  y'=x(y?-2y)

p—
p—
U

=

== H S ' = =
%TE T':‘:q J'q_ = yz_zyy X = yz_zydx X
1 _
| =gty = [xax wEEszos0 A2
_t A B UHO| yy-2)FSCE = 1=A(y-2)+By
yoy—-2) y y-—-2 When y=2, 1=2B = B=1/2
When y=0, 1=A(-2) = A=-1/2
1] L, d—fd = Mlmyinmo-l=tie =
5 R y = | xdx 5 [=Iny +In(y =t
[[l‘El‘A‘I y = 2

1 — CeX?




<OIH>  y' =xy?—2x%y=xy(y-2x) xy @& 222 5
Note : HE2|H O|2U™A0| &|7] QSiM= F Ha xt y7t 40 Lo 2 £0f Q00

Oy =xy(y—2x)7ty' =x*Q2-y)B2y' = y*(x — 2x»)2 BF= W 22/ = AL

x?+7x+3 . N
or> y = TEED ol sig ety
A2l y2y' =x24+7x+ 3
3 .3
2 2 y _x 7,
MESHH jy dy=j(x +7x+3)dx - ?=?+§x +3x+C

3 21 .
Thus, y= \/x3+7x2+9x+36 O] 2278 A of YHd

Ol 7|0l A, c2xofl ek O2{7LX| BFE SHE S o ULH (AE7.6 T &X)

O] ZH0| XILE7HE 31 (xg,y0)S LB 8 740 ZHE & 4 QUrt
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<Ol Xl> 2=7]2f =X

, x%2+4+7x+3
y=——z7— yO=3

N 3 21
QoA DI Ale| Ukl y=\/x3+<7>x2+9x+3C

O7|0 27| =HS CHUSH 3=V3c = (=9

et Es= y = i/xf‘ + (21) x2 + 9x + 27 =  Explicit Solution

= 2

Explicit Solution (or Function) : y= x2| &2 BAZ = UL (Fy = f(x))

Implicit Solution (or Function) &< off : yE x



9x?% — sinx N
y' = cosy 15y YO =m Aol B S x yoll 2510l H2

cosy + 5e¥)dy = | (9x? — sinx) dx
(cosy y

4

siny +5e¥ =3x3+cosx+C 7| EZHHE = (=5e"-1
Finally, siny + 5e¥ = 3x3 + cosx + 5e™ — 1 = y=*f(x)

This is an implict solution because y cannot be explicitly expressed with regard to x



" N Xy
<=M 8> Ch= D228 Ao Y E FLotat Y =T
y __* Lay = [~ =  Ilyl=-[—Zdx=-In|l+x2| +
Yy ir )y T ) T ™ T e T T e
— y:e%ln|1+x2|+c — eln\/1+x2+c — Celn\/1+x2 =C+/14 x2
K™ E : Ko Teter DM E 2o g5 32 dEE

u=1+x? - du = 2xdx

X 1 2x 1 (fdu 1 1 5 >
,[1+x2dx=§jl+x2dx=§ - Eln|u|+c=§ln|1+x |+c=Iny1+4+x%+4c



' d
) y oOfHS NHE j Y _fd
= — y? = il L —
vy =4y —ys = 4y—y2_1 o= = 4y — 2 X
7| 0f & L 445 Qb tH -y) BB — A4 —
O 7] 0| A mrrmen ik JHO| y(4-y) =2tCF 1 =A4(4 —y) + By
1 1 1
aty =0, 1=44 ~A=7 at y=4, 1=,(4-4+4B ~B=7

TherM, y(41 y) dy = | (4y 4(4— y)) dy = [ dx

1 1 1
—lny+Zln(4—y)=x+c = In(y(4-y))t=x+c

[O2tA, y(4—y) = e*F+0) = getx

Finally y(4 —y) = 3e** (This is an Implicit Solution because y # f(x) )

FIEZAHEE: y(0)=1, 1(4—1) = 4e"°

A =3



- 7.3 U2 HEH (Euler's Method: M2 0|2310] O]L8HK Al

F= ()
ks Euler Method : y(x;) ~ y, 22 Zt

(x0, Vo) = v =y(x)F|2| oFf Mo 2 o|0] &1 QUCt (7|4t

(x1, y(x7))

>
©Chgel A7|HS ZE 0|E WHAZ W Ex}

y’:f(x;y); y(xO):yO

O D& EAO| 8f y = y(x)7t ZAHTICHH, 2|2 E (xo, yo)HAM 2| Sl=40f Chet M| 7|=7|7t
f(x0,¥0)7t EIEE (O] BF= /22 E (x0,¥0)012, O HOML ZH2| 7|Z2717F £(x0,y0)OIEH
A= Euler Method= y(x,) ~ y, 2= 7t55t= ZAO|LC}

EfM, x = X1 Ol M2l 3o A2 y(x1) = y1 = yo + f(x0,¥0) (X1 — x0) = Yo + f(x0,Y0)h

OpE 7R =2, x = x201|)\-| of 5{{o| ZArat= y(x) =y, =y + f(x, y) (3 —x1) = y1 + f(x,y1)h

ANHOZ y(x;q) =y =yi+hf(x,y), i=0,1,2--

=



<OX[>  Euler Method& O|&5}0] D|ZHFA S| ZABHE +Stet
yv=y, y0O=1 = =0, =1 =y =f(01=1 h=xy—x)=1
Yyi=Yot hf(xo:YO) =1+1(1) =2
Y2 =y1+ hf(x1:)’1) =2+1(2) =4

Y3 =Y, + hf(xz,ggz) =4+1(4) =8
2,

<Exact Solution>

y' =y 8l y=dAe* O] £7| ZUHX=0,y=1)E HMEE = A=1 .y=e*

Exact Euler

el =2.71828

x:]., yl

x =2, y, = e? = 7.389

x = 3, ys = e3 = 20.086

Note : x;4; — x; = h 2t0| Z2=% Exact-Euler 4t 7+2| X}0|7} ZO0{ELt




D22 842l =74t X2l ZASHE FHotet

"= x2 4 y2 (—1)=—l Xg = —1 =—1 choose h = 0.1

1 2
07+(-3)

y(x,) = v, = y; + hf (1, 1) = —0.375 + 0.1[(=1 + 0.1)% + (=0.375)2] = —0.2799375

1
y(x1) =y, =y + hf (x9,y0) = —=+0.1 = —0.375

2

y(x10) = Y10 = Yo + hf (x9,y9) = —0.0579176

y(x30) = Y30 = Y30 + hf (X29,Y29) = 5.235265



I
O 227840 7|4 =ME Eulerd &= O|8&30 h=0.12 20 y(1)2t y)2| ZABHE +5t2t
y'=2xy, y(0)= Note : y(1) = h=0.10]2Z x=1& 107HZ XIZ Z{O|LC}.
y(2) = h=0.10|2 2 x=22 2072 Xt& ZAO|LC}.

Euler Method : y;11 =y; + hf (x;,¥:), i=012--
fOT‘i =0 Yo = 1

Y1 =Y +0.1f(xp, Vo) =Vo+0.1(2 X xyX y5) =1+012%x0x1)=1
Y, =y +01f(x,y1) =14+0.1(2x 0.1 x1) =1.02
y3 =y, +0.1f(x3,y,) =1.02+0.1(2 X 0.2 X 1.02) = 1.0608

Y10 = Yo + 0.1f(x9,y9) = 2.3346333
Y20 = V1o + 0.1f (%10, Y1) = 29.49864321

y(1) = el =2.71828 > 2.3346333
y(2) = e* = 54.598 > 29.49864321

Exact 4f0| ZAIIECH 2 ALt

2

1 2 2
j;dy=12xdx=>lny=x2+c=>y=ex TC=Ae* = ny=e*



<=M 8>

y' =4y —vy%  y(0) =1 h =012 Z20 yMme| ZAISHE +otat

Euler Method : y;11 =y; + hf (x;,¥:), i=012--

<=H 10>

y1=1+01f(4y0,y5) =1+ 0.1(4(1) —1?) = 1.3
y, =134+ 0.1f(4(1.3) — (1.3)2) = 1.651
y3 = 1.651 + 0.1 (4(1.651) — (1.651)?%) = 2.0388199

1o = 3.847783601

y'=Jx+y, y0)=1 h=0.12 320 y)2| ZAtSHE Fot2t
Yo =1

V1 = Yo+ hf(x9,y0) =1+ 01V0.1 +1 = 1.1

y, =y, + hf (x1,y7) = 1.1 + 0.1v/0.1 + 1.1 = 1.209544512

V2 = v, + hf (xq,y1) = 1.209544512 + 0.1v/0.2 + 1.209 = 1.328268752

Y10 = 2.395982932

Y20 = 4.568765342



<HZS=X 7.4>

<=M 1>

[h2rA],

For 1
For 2

11dF 28 25 B

Ct2 HOolAls 2 ZXe 2= BYES #ot1 29510t
HO[2| ZHH == x(t)
AES _Holo ol _ —

x' =0.2x — 0.2x% — 0.4xy
y'=-0.1y + 0.2xy

HA™2 x'(t) =0, y'(t) = 05 BtSst= HO|C}

0=0.2x—02x%—04xy - 0=x(0.2—02x—0.4y) - 1
0=-0.1y + 0.2xy - 0=y(-01+02x) ... 2
x=00r02-02x—04y =0 (x+2y=1)

y=0o0r x=05

E6l= ZE HEEE () (0, 0) HO|et ZAZ=0| =X F
(1, 0) HO|= 100, ZAS=2 0
(0.5, 0.25) HO|7t ZAlSF9| FHj

-

Mok



<M 6> IS ITRY 2HO BUPS o1 MY

x' = 0.3x —0.2x2 — 0.1xy x(t) : BF XO| X

y' =0.2y — 0.1y% — 0.1xy y(t) : 3F Y| iKX=
HAHE2 x'(t) =0, y'(t) =05 == Holrt
0=03x—0.2x%—-0.1xy =x(03—0.2x —0.1y) - 1
0=0.2y—0.1y%2 —0.1xy =y(0.2—0.1y —0.1x) -+ 2

HE x=0%E=03-02x—01y=0
y=0E=02-01y—-0.1x =0

0
0l
0%t

14t 25 Ot={RS= 2 &

x=0XEE 2x+y=3
y=05E x+y=2

l

, 0) 5 30| Cf EXoHX| AZ

2) Y= EXSILE X= EXSHK] 8
X= EX5ILE YE EXSHA| &

, 1) X2t Y7t €2 & ohE EX|otCt

- O

AL
o
=



<Z=H 8> Ct= 0|28 AZ AE e o2 gAlo 2 HLO 2}
4y = 4x? u=y, v=y'
1.u' =, v+ 2xv + 4u = 4x?

Thus, 2.v' = =2xv — 4u + 4x?

<2 10> CIS ozldtxAlo] BE WS 1ata}

= (x%2 —4)(v2 -9 &S ™HO 7 —
PO BEREXO=0 gy azsi
ylzxz_zxy y,(t):
0=@x+2)x—-2)y+3)y—23), 0=x(x—2y)
x=2,x=-2,y=-3,y =3, x =0, X =2y

et BE TSR

= o
L ood=1—

(2,1),(=2,-1),(—6,-3),(6,3), (0, 3), (0,—3)



