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그림 곡면 상에서의 속도경계층 형성 및 박리 현상.



그림 난류가 유동의 박리를 지연시킨다12.

그림 원통에 교차하는 대표적인 유동의 형태11.





이용훈의 부정투구 논란, 야구 규칙에는 어떻게 정의돼 있을까. 

롯데 이용훈은 10일 부산 KIA전에서 6-3으로 앞선 8회 무사 1루 상황에서 구원등판했다. 이범호를 

삼진으로, 최희섭을 병살타로 잡아내며 리드를 지켰지만, 중계카메라에 투구 전 공을 입쪽으로 가

져가 실밥 부분을 무는 장면이 잡히면서 인터넷 상에서 '부정투구가 아니냐'는 논란이 강하게 일고 

있다. 

2012 공식 야구규칙 8.02 '투수금지사항'의 (a)항을 보면 투수가 해서는 안될 행위, 즉 부정투구에 

관한 내용이 규정돼 있다. 

가장 먼저 규정된 건 투수가 투수판을 둘러싼 18피트(5.486m)의 둥근 원 안에서 투구하는 맨손을 

입 또는 입술에 대는 행위다. 보통 투수들이 손을 입에 가져가는 행위를 할 때 마운드에서 내려와 

하는 이유가 바로 이 규정 탓이다. 예외 규정으로 추운 날씨일 때 경기에 앞서 양팀 감독의 동의가 

있을 경우 손을 부는 행위를 할 수는 있다. 

인터넷 상에서 팬들이 논란을 제기한 사진을 보면, 이용훈 역시 마운드에 올라가기 전 공에 입을 맞

추고 있는 모습을 확인할 수 있다. 

(a)항에서는 이어 '공에 이물질을 붙이는 것', '공, 손 또는 글러브에 침을 바르는 것', '공을 글러브, 

몸 또는 유니폼에 문지르는 것', '어떤 방법으로든 공에 상처를 내는 것', '이른바 샤인볼, 스핏볼, 머

드볼 또는 에머리볼을 던지는 것'을 금지하고 있다. 이것이 세부조항인 (2)~(6)항이다. 

이용훈의 경우 '어떤 방법으로든 공에 상처를 내는 것' 또는 '공, 손 또는 글러브에 침을 바르는 행

위'에 해당할 수 있다. 

만약 이용훈이 논란이 일고 있는 것 처럼, 실밥을 물었다거나 실밥을 치아로 눌러 조금이라도 변형

을 시켰다면, 부정투구로 선언될 수 있다. 이 조항을 규정시키지 않더라도 넓게 보면 스핏볼(침 등

을 발라 미끄럽게 만든 공)의 범주에 들 수도 있다. 

위반 후 벌칙은 어떻게 주어질까. 본항 (2)~(6)을 위반했을 경우, 심판원이 취해야하는 조치로는 다

음의 다섯가지가 규정돼 있다. 

심판원은 (a)투구에 대하여 볼을 선고하고 투수에게 경고하고 그 이유를 방송한다, (b)한 투수가 같

은 경기에서 또다시 반복해을 경우 그 투수를 퇴장시킨다, (c)주심이 위반을 선고하였음에도 불구

하고 플레이가 계속 되었을 경우 공격 측 감독은 그 플레이가 끝난 뒤 즉시 그 플레이를 선택하겠다

는 뜻을 주심에게 통고할 수 있다(단, 타자가 안타, 실책, 4사구, 기타의 방법으로 1루에 나가고 다

른 주자도 아웃됨이 없이 최소한 1개 베이스 이상 진루하였을 경우 반칙과 관계없이 플레이는 진행

이용훈 부정투구 논란, 관련 규정-KBO 입장은? 

스포츠조선  기사전송 2012-06-11 09:13 최종수정 2012-06-11 10:35
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된다, (d)공격 측이 플레이를 선택하더라도 (a)·(b)항의 벌칙은 적용된다, (e)투수가 각 항을 위반했

는지 여부는 심판원만이 결정한다. 

한국야구위원회(KBO)의 입장은 어떨까. 정금조 KBO 운영기획부장은 스포츠조선과의 전화통화에

서 "이용훈이 공을 입에 갖다댄 의도가 뭐였든, 설사 삐져나온 실밥을 제거하려고 하는 의도였더라

도 공에 상처를 낸 건 맞다"고 말했다. 하지만 이는 사후 적용되는 문제는 아님을 분명히 했다. 정 

부장은 "상대팀이 이의를 제기하고, 심판이 포착하면 규정대로 하면 된다. 하지만 당시 상황에서 이

의를 제기하지 않으면 끝이다. 경기 후 징계는 힘들다"고 설명했다. 
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- 단위 (Unit)

1ft = 12 inch, 1ft = 30.48cm,1inch = 2.54cm, 1mile = 1.6km

-무게밀도 (Weight Density) or 비중량 (Specific Weight) :  (Gamma)

= 𝝆 ∙ 𝒈 (𝑁/𝑚3, 𝑙𝑏𝑓/𝑓𝑡
3)

𝑘𝑔

𝑚3 ∙
𝑚

𝑠2
=
𝑘𝑔 ∙ 𝑚

𝑠2
∙
1

𝑚3 =
𝑁

𝑚3
(물의 비중량 : 9800 𝑁/𝑚3, 62.4 𝑙𝑏𝑓/𝑓𝑡

3)

-비중 (Specific Gravity) : 𝑆

𝑆𝑔𝑎𝑠 =
𝝆𝑔𝑎𝑠

𝝆𝑎𝑖𝑟 𝑎𝑡 𝑆𝑇𝐷
(여기에서 𝑆𝑇𝐷 𝑎𝑡 1기압, 20℃) 𝑆𝑙𝑖𝑞 =

𝝆𝑙𝑖𝑞
𝝆𝑤𝑎𝑡𝑒𝑟 𝑎𝑡 𝑆𝑇𝐷

-무게 (Weight) : W

1𝑙𝑏𝑓 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑒𝑠 32 𝑙𝑏𝑚 𝑜𝑓 𝑚𝑎𝑠𝑠 1𝑓𝑡/𝑠2 즉 1𝑙𝑏𝑓 = 32
𝑙𝑏𝑚∙𝑓𝑡

2

𝑊 = 𝐹 =
𝑚𝑔

𝑔𝑐
에 의하면 1𝑙𝑏𝑚 weighs 1𝑙𝑏𝑓

𝑙𝑏𝑓 ∙ 𝑠2

⇒

즉
1𝑙𝑏𝑚 ∙ 32𝑓𝑡/𝑠2

32
𝑙𝑏𝑚 ∙ 𝑓𝑡

= 1 𝑙𝑏𝑓



-무게

1kg weighs 9.8N or 1kg weighs 1𝑘𝑔𝑓

𝑊 =
𝑚𝑔

𝑔𝑐
=
1𝑘𝑔 ∙ 9.8𝑚/𝑠2

1
𝑘𝑔 ∙ 𝑚
𝑁 ∙ 𝑠2

= 9.8𝑁 𝑜𝑟
1𝑘𝑔 ∙ 9.8𝑚/𝑠2

9.8
𝑘𝑔 ∙ 𝑚
𝑘𝑔𝑓 ∙ 𝑠

2

= 1𝑘𝑔𝑓

-에너지 및 Power

에너지 :    힘 x 거리 = N · m = Joule (J),    Power (시간당 행한 일):  J/s= Watt (W)

  1Btu/hr=293Wlbf·ft=Btu, 1lbf=4.48N, 1Btu=1,055J

-질량

1 𝑙𝑏𝑚 = 0.454kg, 1 𝑠𝑙𝑢𝑔 =32 𝑙𝑏𝑚
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218 5-3 Inviscid Flow

Figure 5-3 Velocity profile for (a) laminar flow in a tube and (b) turbulent tube flow.

Starting length

(b)

Fully developed
flow

Uniform
inlet
flow

Boundary layer

Laminar sublayer

Turbulent
core

(a)

where

ṁ= mass rate of flow

um= mean velocity

A= cross-sectional area

We define the mass velocity as

Mass velocity =G= ṁ

A
= ρum [5-5]

so that the Reynolds number may also be written

Red = Gd

μ
[5-6]

Equation (5-6) is sometimes more convenient to use than Equation (5-3).

5-3 INVISCID FLOW
Although no real fluid is inviscid, in some instances the fluid may be treated as such, and it is
worthwhile to present some of the equations that apply in these circumstances. For example,
in the flat-plate problem discussed above, the flow at a sufficiently large distance from the
plate will behave as a nonviscous flow system. The reason for this behavior is that the
velocity gradients normal to the flow direction are very small, and hence the viscous-shear
forces are small.

If a balance of forces is made on an element of incompressible fluid and these forces
are set equal to the change in momentum of the fluid element, the Bernoulli equation for
flow along a streamline results:

p

ρ
+ 1

2

V 2

gc
= const [5-7a]
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C H A P T E R 5 Principles of Convection 219

or, in differential form,
dp

ρ
+ V dV

gc
= 0 [5-7b]

where

ρ= fluid density, kg/m3

p= pressure at particular point in flow, Pa

V = velocity of flow at that point, m/s

The Bernoulli equation is sometimes considered an energy equation because the V 2/2gc
term represents kinetic energy and the pressure represents potential energy; however, it
must be remembered that these terms are derived on the basis of a dynamic analysis, so that
the equation is fundamentally a dynamic equation. In fact, the concept of kinetic energy is
based on a dynamic analysis.

When the fluid is compressible, an energy equation must be written that will take into
account changes in internal thermal energy of the system and the corresponding changes
in temperature. For a one-dimensional flow system this equation is the steady-flow energy
equation for a control volume,

i1 + 1

2gc
V 2

1 +Q= i2 + 1

2gc
V 2

2 +Wk [5-8]

where i is the enthalpy defined by

i= e+pv [5-9]

and where

e= internal energy

Q= heat added to control volume

Wk= net external work done in the process

v= specific volume of fluid

(The symbol i is used to denote the enthalpy instead of the customary h to avoid confusion
with the heat-transfer coefficient.) The subscripts 1 and 2 refer to entrance and exit conditions
to the control volume. To calculate pressure drop in compressible flow, it is necessary to
specify the equation of state of the fluid, for example, for an ideal gas,

p= ρRT �e= cv�T �i= cp�T

The gas constant for a particular gas is given in terms of the universal gas constant � as

R= �
M

where M is the molecular weight and � = 8314.5 J/kg · mol · K. For air, the appropriate
ideal-gas properties are

Rair = 287 J/kg · K cp,air = 1.005 kJ/kg · ◦C cv,air = 0.718 kJ/kg · ◦C

To solve a particular problem, we must also specify the process. For example, reversible
adiabatic flow through a nozzle yields the following familiar expressions relating the prop-
erties at some point in the flow to the Mach number and the stagnation properties, i.e., the
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220 5-3 Inviscid Flow

properties where the velocity is zero:

T0

T
= 1 + γ − 1

2
M2

p0

p
=
(

1 + γ − 1

2
M2

)γ/(γ−1)

ρ0

ρ
=
(

1 + γ − 1

2
M2

)1/(γ−1)

where

T0, p0, ρ0 = stagnation properties

γ = ratio of specific heats cp/cv
M= Mach number

M= V

a

where a is the local velocity of sound, which may be calculated from

a=√γgcRT [5-10]

for an ideal gas.† For air behaving as an ideal gas this equation reduces to

a= 20.045
√
T m/s [5-11]

where T is in degrees Kelvin.

EXAMPLE 5-1 Water Flow in a Diffuser

Water at 20◦C flows at 8 kg/s through the diffuser arrangement shown in Figure Example 5-1. The
diameter at section 1 is 3.0 cm, and the diameter at section 2 is 7.0 cm. Determine the increase in
static pressure between sections 1 and 2. Assume frictionless flow.

Figure Example 5-1

Flow

1 2

Solution
The flow cross-sectional areas are

A1 = πd2
1

4
= π(0.03)2

4
= 7.069 × 10−4 m2

A2 = πd2
2

4
= π(0.07)2

4
= 3.848 × 10−3 m2

†The isentropic flow formulas are derived in Reference 7, p. 629.
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The density of water at 20◦C is 1000 kg/m3, and so we may calculate the velocities from the
mass-continuity relation

u= ṁ

ρA

u1 = 8.0

(1000)(7.069 × 10−4)
= 11.32 m/s [37.1 ft/s]

u2 = 8.0

(1000)(3.848 × 10−3)
= 2.079 m/s [6.82 ft/s]

The pressure difference is obtained from the Bernoulli equation (5-7a):

p2 −p1

ρ
= 1

2gc
(u2

1 − u2
2)

p2 −p1 = 1000

2
[(11.32)2 − (2.079)2]

= 61.91 kPa [8.98 lb/in2 abs]

Isentropic Expansion of Air EXAMPLE 5-2

Air at 300◦C and 0.7 MPa pressure is expanded isentropically from a tank until the velocity is
300 m/s. Determine the static temperature, pressure, and Mach number of the air at the high-
velocity condition. γ = 1.4 for air.

Solution
We may write the steady-flow energy equation as

i1 = i2 + u2
2

2gc

because the initial velocity is small and the process is adiabatic. In terms of temperature,

cp(T1 − T2)= u2
2

2gc

(1005)(300 − T2)= (300)2

(2)(1.0)

T2 = 255.2◦C = 528.2 K [491.4◦F]

We may calculate the pressure from the isentropic relation

p2

p1
=
(
T2

T1

)γ/(γ−1)

p2 = (0.7)

(
528.2

573

)3.5
= 0.526 MPa [76.3 lb/in2 abs]

The velocity of sound at condition 2 is

a2 = (20.045)(528.2)1/2 = 460.7 m/s [1511 ft/s]

so that the Mach number is

M2 = u2

a2
= 300

460.7
= 0.651
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5-6 THE THERMAL BOUNDARY LAYER

Just as the hydrodynamic boundary layer was defined as that region of the flow where
viscous forces are felt, a thermal boundary layer may be defined as that region where
temperature gradients are present in the flow. These temperature gradients would result
from a heat-exchange process between the fluid and the wall.

Consider the system shown in Figure 5-7. The temperature of the wall is Tw, the
temperature of the fluid outside the thermal boundary layer is T∞, and the thickness of the
thermal boundary layer is designated as δt . At the wall, the velocity is zero, and the heat
transfer into the fluid takes place by conduction. Thus the local heat flux per unit area, q′′, is

q

A
= q′′ = −k ∂T

∂y

]
wall

[5-27]

From Newton’s law of cooling [Equation (1-8)],

q′′ =h(Tw− T∞) [5-28]

where h is the convection heat-transfer coefficient. Combining these equations, we have

h= −k(∂T/∂y)wall

Tw− T∞
[5-29]

so that we need only find the temperature gradient at the wall in order to evaluate the
heat-transfer coefficient. This means that we must obtain an expression for the temperature
distribution. To do this, an approach similar to that used in the momentum analysis of the
boundary layer is followed.

The conditions that the temperature distribution must satisfy are

T = Tw at y= 0 [a]
∂T

∂y
= 0 at y= δt [b]

T = T∞ at y= δt [c]

Figure 5-7 Temperature profile in the
thermal boundary layer.

T∞

y

x

δ t

Tw

qw�A=–k
w  y∂

  T∂
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232 5-6 The Thermal Boundary Layer

Figure 5-8 Control volume for integral energy analysis of
laminar boundary flow.

Tw

H

δ

δ

t

dx

T∞u∞

u

A A

dqw=–k dx
w

y

x

1 2

  y∂
∂T

and by writing Equation (5-25) at y= 0 with no viscous heating we find

∂2T

∂y2
= 0 at y= 0 [d]

since the velocities must be zero at the wall.
Conditions (a) to (d ) may be fitted to a cubic polynomial as in the case of the velocity

profile, so that
θ

θ∞
= T − Tw
T∞ − Tw = 3

2

y

δt
− 1

2

(
y

δt

)3

[5-30]

where θ= T − Tw. There now remains the problem of finding an expression for δt , the
thermal-boundary-layer thickness. This may be obtained by an integral analysis of the
energy equation for the boundary layer.

Consider the control volume bounded by the planes 1, 2, A-A, and the wall as shown in
Figure 5-8. It is assumed that the thermal boundary layer is thinner than the hydrodynamic
boundary layer, as shown. The wall temperature is Tw, the free-stream temperature is T∞,
and the heat given up to the fluid over the length dx is dqw. We wish to make the energy
balance

Energy convected in + viscous work within element

+ heat transfer at wall = energy convected out [5-31]

The energy convected in through plane 1 is

ρcp

H

0
uT dy

and the energy convected out through plane 2 is

ρcp

(∫ H

0
uT dy

)
+ d

dx

(
ρcp

H

0
uT dy

)
dx

The mass flow through plane A-A is

d

dx

(∫ H

0
ρu dy

)
dx
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Figure 5-9 Hydrodynamic and thermal boundary layers on a
flat plate. Heating starts at x= x0.

δtδ
δ

x0

y

x
u∞

T∞

and this carries with it an energy equal to

cpT∞
d

dx

(∫ H

0
ρu dy

)
dx

The net viscous work done within the element is

μ

[∫ H

0

(
du

dy

)2

dy

]
dx

and the heat transfer at the wall is

dqw= −k dx ∂T
∂y

]
w

Combining these energy quantities according to Equation (5-31) and collecting terms gives

d

dx

[∫ H

0
(T∞ − T )u dy

]
+ μ

ρcp

[∫ H

0

(
du

dy

)2

dy

]
=α ∂T

dy

]
w

[5-32]

This is the integral energy equation of the boundary layer for constant properties and constant
free-stream temperature T∞.

To calculate the heat transfer at the wall, we need to derive an expression for the thermal-
boundary-layer thickness that may be used in conjunction with Equations (5-29) and (5-30)
to determine the heat-transfer coefficient. For now, we neglect the viscous-dissipation term;
this term is very small unless the velocity of the flow field becomes very large. And the
calculation of high-velocity heat transfer will be considered later.

The plate under consideration need not be heated over its entire length. The situation
that we shall analyze is shown in Figure 5-9, where the hydrodynamic boundary layer
develops from the leading edge of the plate, while heating does not begin until x= x0.

Inserting the temperature distribution Equation (5-30) and the velocity distribution
Equation (5-19) into Equation (5-32) and neglecting the viscous-dissipation term, gives

d

dx

[∫ H

0
(T∞ − T )u dy

]
= d

dx

[∫ H

0
(θ∞ − θ)u dy

]

= θ∞u∞
d

dx

{∫ H

0

[
1 − 3

2

y

δt
+ 1

2

(
y

δt

)3
][

3

2

y

δ
− 1

2

y

δ

3
]
dy

}

= α
∂T

∂y

]
y=0

= 3αθ∞
2δt
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234 5-6 The Thermal Boundary Layer

Let us assume that the thermal boundary layer is thinner than the hydrodynamic boundary
layer. Then we only need to carry out the integration to y= δt since the integrand is zero
for y> δt . Performing the necessary algebraic manipulation, carrying out the integration,
and making the substitution ζ= δt/δ yields

θ∞u∞
d

dx

[
δ

(
3

20
ζ2 − 3

280
ζ4
)]

= 3

2

αθ∞
δζ

[5-33]

Because δt < δ, ζ< 1, and the term involving ζ4 is small compared with the ζ2 term, we
neglect the ζ4 term and write

3

20
θ∞u∞

d

dx
(δζ2)= 3

2

αθ∞
ζδ

[5-34]

Performing the differentiation gives

1

10
u∞

(
2δζ

dζ

dx
+ ζ2 dδ

dx

)
= α

δζ

or
1

10
u∞

(
2δ2ζ2 dζ

dx
+ ζ3δ

dδ

dx

)
=α

But

δ dδ= 140

13

ν

u∞
dx

and

δ2 = 280

13

νx

u∞
so that we have

ζ3 + 4xζ2 dζ

dx
= 13

14

α

ν
[5-35]

Noting that

ζ2 dζ

dx
= 1

3

d

dx
ζ3

we see that Equation (5-35) is a linear differential equation of the first order in ζ3, and the
solution is

ζ3 =Cx−3/4 + 13

14

α

ν

When the boundary condition

δt = 0 at x= x0

ζ= 0 at x= x0

is applied, the final solution becomes

ζ= δt

δ
= 1

1.026
Pr−1/3

[
1 − x0

x

3/4
]1/3

[5-36]

where
Pr = ν

α
[5-37]

has been introduced. The ratio ν/α is called the Prandtl number after Ludwig Prandtl, the
German scientist who introduced the concepts of boundary-layer theory.
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When the plate is heated over the entire length, x0 = 0, and

δt

δ
= ζ= 1

1.026
Pr−1/3 [5-38]

In the foregoing analysis the assumption was made that ζ< 1. This assumption is
satisfactory for fluids having Prandtl numbers greater than about 0.7. Fortunately, most
gases and liquids fall within this category. Liquid metals are a notable exception, however,
since they have Prandtl numbers of the order of 0.01.

The Prandtl number ν/α has been found to be the parameter that relates the relative
thicknesses of the hydrodynamic and thermal boundary layers. The kinematic viscosity of
a fluid conveys information about the rate at which momentum may diffuse through the
fluid because of molecular motion. The thermal diffusivity tells us the same thing in regard
to the diffusion of heat in the fluid. Thus the ratio of these two quantities should express
the relative magnitudes of diffusion of momentum and heat in the fluid. But these diffusion
rates are precisely the quantities that determine how thick the boundary layers will be for a
given external flow field; large diffusivities mean that the viscous or temperature influence
is felt farther out in the flow field. The Prandtl number is thus the connecting link between
the velocity field and the temperature field.

The Prandtl number is dimensionless when a consistent set of units is used:

Pr = ν

α
= μ/ρ

k/ρcp
= cpμ

k
[5-39]

In the SI system a typical set of units for the parameters would beμ in kilograms per second
per meter, cp in kilojoules per kilogram per Celsius degree, and k in kilowatts per meter
per Celsius degree. In the English system one would typically employ μ in pound mass per
hour per foot, cp in Btu per pound mass per Fahrenheit degree, and k in Btu per hour per
foot per Fahrenheit degree.

Returning now to the analysis, we have

h= −k(∂T/∂y)w
Tw− T∞

= 3

2

k

δt
= 3

2

k

ζδ
[5-40]

Substituting for the hydrodynamic-boundary-layer thickness from Equation (5-21) and
using Equation (5-36) gives

hx = 0.332k Pr1/3 u∞
νx

1/2
[

1 − x0

x

3/4
]−1/3

[5-41]

The equation may be nondimensionalized by multiplying both sides by x/k, producing the
dimensionless group on the left side,

Nux = hxx

k
[5-42]

called the Nusselt number after Wilhelm Nusselt, who made significant contributions to the
theory of convection heat transfer. Finally,

Nux = 0.332Pr1/3 Re1/2
x

[
1 − x0

x

3/4
]−1/3

[5-43]

or, for the plate heated over its entire length, x0 = 0 and

Nux = 0.332Pr1/3 Re1/2
x [5-44]

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조

admin
강조



hol29362_Ch05 10/15/2008 16:48

# 101675 Cust: McGraw-Hill Au: Holman Pg. No.236 K/PMS 293

Title: Heat Transfer 10/e Server: Short / Normal / Long

DESIGN SERVICES OF

S4CARLISLE
Publishing Services

236 5-6 The Thermal Boundary Layer

Equations (5-41), (5-43), and (5-44) express the local values of the heat-transfer coefficient
in terms of the distance from the leading edge of the plate and the fluid properties. For the
case where x0 = 0 the average heat-transfer coefficient and Nusselt number may be obtained
by integrating over the length of the plate:

h=
∫ L

0 hx dx∫ L
0 dx

= 2hx=L [5-45a]

For a plate where heating starts at x= x0, it can be shown that the average heat transfer
coefficient can be expressed as

hx0−L
hx=L

= 2L
1 − (x0/L)

3/4

L− x0
[5-45b]

In this case, the total heat transfer for the plate would be

qtotal =hx0−L(L− x0)(Tw− T∞)

assuming the heated section is at the constant temperature Tw. For the plate heated over the
entire length,

NuL= hL

k
= 2 Nux=L [5-46a]

or

NuL= hL

k
= 0.664 Re1/2

L Pr1/3 [5-46b]

where

ReL= ρu∞L
μ

The reader should carry out the integrations to verify these results.
The foregoing analysis was based on the assumption that the fluid properties were

constant throughout the flow. When there is an appreciable variation between wall and
free-stream conditions, it is recommended that the properties be evaluated at the so-called
film temperature Tf , defined as the arithmetic mean between the wall and free-stream
temperature,

Tf = Tw+ T∞
2

[5-47]

An exact solution to the energy equation is given in Appendix B. The results of the
exact analysis are the same as those of the approximate analysis given above.

Constant Heat Flux

The above analysis has considered the laminar heat transfer from an isothermal surface. In
many practical problems the surface heat flux is essentially constant, and the objective is
to find the distribution of the plate-surface temperature for given fluid-flow conditions. For
the constant-heat-flux case it can be shown that the local Nusselt number is given by

Nux = hx

k
= 0.453 Re1/2

x Pr1/3 [5-48]

which may be expressed in terms of the wall heat flux and temperature difference as

Nux = qwx

k(Tw− T∞)
[5-49]
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The average temperature difference along the plate, for the constant-heat-flux condition,
may be obtained by performing the integration

Tw− T∞ = 1

L

L

0
(Tw− T∞) dx= 1

L

L

0

qwx

k Nux
dx

= qwL/k

0.6795 Re1/2
L Pr1/3

[5-50]

or

qw= 3
2hx=L(Tw− T∞)

In these equations qw is the heat flux per unit area and will have the units of watts
per square meter (W/m2) in SI units or British thermal units per hour per square foot
(Btu/h · ft2) in the English system. Note that the heat flux qw= q/A is assumed constant
over the entire plate surface.

Other Relations

Equation (5-44) is applicable to fluids having Prandtl numbers between about 0.6 and 50.
It would not apply to fluids with very low Prandtl numbers like liquid metals or to high-
Prandtl-number fluids like heavy oils or silicones. For a very wide range of Prandtl numbers,
Churchill and Ozoe [9] have correlated a large amount of data to give the following relation
for laminar flow on an isothermal flat plate:

Nux = 0.3387 Re1/2
x Pr1/3

[
1 +

(
0.0468

Pr

)2/3
]1/4

for Rex Pr> 100 [5-51]

For the constant-heat-flux case, 0.3387 is changed to 0.4637 and 0.0468 is changed to
0.0207. Properties are still evaluated at the film temperature.

Isothermal Flat Plate Heated Over Entire Length EXAMPLE 5-4

For the flow system in Example 5-3 assume that the plate is heated over its entire length to a
temperature of 60◦C. Calculate the heat transferred in (a) the first 20 cm of the plate and (b) the
first 40 cm of the plate.

Solution
The total heat transfer over a certain length of the plate is desired; so we wish to calculate average
heat-transfer coefficients. For this purpose we use Equations (5-44) and (5-45), evaluating the
properties at the film temperature:

Tf = 27 + 60

2
= 43.5◦C = 316.5 K [110.3◦F]

From Appendix A the properties are

ν= 17.36 × 10−6 m2/s [1.87 × 10−4 ft2/s]
k= 0.02749 W/m · ◦C [0.0159 Btu/h · ft · ◦F]

Pr = 0.7

cp= 1.006 kJ/kg · ◦C [0.24 Btu/lbm · ◦F]
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238 5-6 The Thermal Boundary Layer

At x= 20 cm

Rex= u∞x
ν

= (2)(0.2)

17.36 × 10−6
= 23,041

Nux= hxx

k
= 0.332Re1/2

x Pr1/3

= (0.332)(23,041)1/2(0.7)1/3 = 44.74

hx= Nux

(
k

x

)
= (44.74)(0.02749)

0.2

= 6.15 W/m2 · ◦C [1.083 Btu/h · ft2 · ◦F]

The average value of the heat-transfer coefficient is twice this value, or

h= (2)(6.15)= 12.3 W/m2 · ◦C [2.17 Btu/h · ft2 · ◦F]

The heat flow is
q=hA(Tw− T∞)

If we assume unit depth in the z direction,

q= (12.3)(0.2)(60 − 27)= 81.18 W [277 Btu/h]

At x= 40 cm

Rex= u∞x
ν

= (2)(0.4)

17.36 × 10−6
= 46,082

Nux= (0.332)(46,082)1/2(0.7)1/3 = 63.28

hx= (63.28)(0.02749)

0.4
= 4.349 W/m2 · ◦C

h= (2)(4.349)= 8.698 W/m2 · ◦C [1.53 Btu/h · ft2 · ◦F]
q= (8.698)(0.4)(60 − 27)= 114.8 W [392 Btu/h]

EXAMPLE 5-5 Flat Plate with Constant Heat Flux

A 1.0-kW heater is constructed of a glass plate with an electrically conducting film that produces
a constant heat flux. The plate is 60 cm by 60 cm and placed in an airstream at 27◦C, 1 atm with
u∞ = 5 m/s. Calculate the average temperature difference along the plate and the temperature
difference at the trailing edge.

Solution
Properties should be evaluated at the film temperature, but we do not know the plate temperature.
So for an initial calculation, we take the properties at the free-stream conditions of

T∞ = 27◦C = 300 K

ν= 15.69 × 10−6 m2/s Pr = 0.708 k= 0.02624 W/m · ◦C

ReL= (0.6)(5)

15.69 × 10−6
= 1.91 × 105

From Equation (5-50) the average temperature difference is

Tw− T∞ = [1000/(0.6)2](0.6)/0.02624

0.6795(1.91 × 105)1/2(0.708)1/3
= 240◦C
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Now, we go back and evaluate properties at

Tf = 240 + 27 + 27

2
= 147◦C = 420 K

and obtain

ν= 28.22 × 10−6 m2/s Pr = 0.687 k= 0.035 W/m · ◦C

ReL= (0.6)(5)

28.22 × 10−6
= 1.06 × 105

Tw− T∞ = [1000/(0.6)2](0.6)/0.035

0.6795(1.06 × 105)1/2(0.687)1/3
= 243◦C

At the end of the plate (x=L= 0.6 m) the temperature difference is obtained from Equations
(5-48) and (5-50) with the constant 0.453 to give

(Tw− T∞)x=L= (243.6)(0.6795)

0.453
= 365.4◦C

An alternate solution would be to base the Nusselt number on Equation (5-51).

Plate with Unheated Starting Length EXAMPLE 5-6

Air at 1 atm and 300 K flows across a 20-cm-square plate at a free-stream velocity of 20 m/s. The
last half of the plate is heated to a constant temperature of 350 K. Calculate the heat lost by the
plate.

Solution
First we evaluate the air properties at the film temperature

Tf = (Tw+ T∞)/2 = 325 K

and obtain
v= 18.23 × 10−6m2/s k= 0.02814 W/m · ◦C Pr = 0.7

At the trailing edge of the plate the Reynolds number is

ReL= u∞L/v= (20)(0.2)/18.23 × 10−6 = 2.194 × 105

or, laminar flow over the length of the plate.
Heating does not start until the last half of the plate, or at a position x0 = 0.1 m. The local

heat-transfer coefficient for this condition is given by Equation (5-41):

hx= 0.332k Pr1/3(u∞/vx)1/2[1 − (x0/x)
0.75]−1/3 [a]

Inserting the property values along with x0 = 0.1 gives

hx= 8.6883x−1/2(1 − 0.17783x−0.75)−1/3 [b]

The plate is 0.2 m wide so the heat transfer is obtained by integrating over the heated length
x0<x<L

q= (0.2)(Tw− T∞)
∫ L= 0.2

x0 = 0.1
hxdx [c]
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Inserting Equation (b) in Equation (c) and performing the numerical integration gives

q= (0.2)(8.6883)(0.4845)(350 − 300)= 421 W [d]

The average value of the heat-transfer coefficient over the heated length is given by

h= q/(Tw− T∞)(L− x0)W = 421/(350 − 300)(0.2 − 0.1)(0.2)= 421 W/m2 · ◦C

where W is the width of the plate.
An easier calculation can be made by applying Equation (5-45b) to determine the average

heat transfer coefficient over the heated portion of the plate. The result is

h= 425.66 W/m2 · ◦C and q= 425.66 W

which indicates, of course, only a small error in the numerical integeration.

EXAMPLE 5-7 Oil Flow Over Heated Flat Plate

Engine oil at 20◦C is forced over a 20-cm-square plate at a velocity of 1.2 m/s. The plate is heated
to a uniform temperature of 60◦C. Calculate the heat lost by the plate.

Solution
We first evaluate the film temperature:

Tf = 20 + 60

2
= 40◦C

The properties of engine oil are

ρ = 876 kg/m3 ν = 0.00024 m2/s
k = 0.144 W/m · ◦C Pr = 2870

The Reynolds number is

Re = u∞L
ν

= (1.2)(0.2)

0.00024
= 1000

Because the Prandtl number is so large we will employ Equation (5-51) for the solution. We see
that hx varies with x in the same fashion as in Equation (5-44), that is, hx∝ x−1/2, so that we
get the same solution as in Equation (5-45) for the average heat-transfer coefficient. Evaluating
Equation (5-51) at x= 0.2 gives

Nux= (0.3387)(1000)1/2(2870)1/3[
1 +

(
0.0468

2870

)2/3
]1/4

= 152.2

and

hx= (152.2)(0.144)

0.2
= 109.6 W/m2 · ◦C

The average value of the convection coefficient is

h= (2)(109.6)= 219.2 W/m2 · ◦C

so that the total heat transfer is

q=hA(Tw− T∞)= (219.2)(0.2)2(60 − 20)= 350.6 W
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5-7 THE RELATION BETWEEN FLUID
FRICTION AND HEAT TRANSFER

We have already seen that the temperature and flow fields are related. Now we seek an
expression whereby the frictional resistance may be directly related to heat transfer.

The shear stress at the wall may be expressed in terms of a friction coefficient Cf :

τw  =  Cfx
ρu2∞ [5-52]

2

Equation (5-52) is the defining equation for the friction coefficient. The shear stress may 

also be calculated from the relation

τw=μ ∂u

∂y

]
w

Using the velocity distribution given by Equation (5-19), we have

τw= 3

2

μu∞
δ

and making use of the relation for the boundary-layer thickness gives

τw= 3

2

μu∞
4.64

u∞
νx

1/2
[5-53]

Combining Equations (5-52) and (5-53) leads to

Cfx

2
= 3

2

μu∞
4.64

u∞
νx

1/2 1

ρu2∞
= 0.323 Re−1/2

x [5-54]

The exact solution of the boundary-layer equations yields

Cfx

2
= 0.332 Re−1/2

x [5-54a]

Equation (5-44) may be rewritten in the following form:

Nux
Rex Pr

= hx

ρcpu∞
= 0.332 Pr−2/3 Re−1/2

x

The group on the left is called the Stanton number,

Stx = hx

ρcpu∞

so that

Stx Pr2/3 = 0.332 Rex
-1/2 [5-55]

Upon comparing Equations (5-54) and (5-55), we note that the right sides are alike except
for a difference of about 3 percent in the constant, which is the result of the approx-
imate nature of the integral boundary-layer analysis. We recognize this approximation
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242 5-7 The Relation Between Fluid Friction and Heat Transfer

and write

StxPr2/3 = Cfx

2
[5-56]

Equation (5-56), called the Reynolds-Colburn analogy, expresses the relation between fluid
friction and heat transfer for laminar flow on a flat plate. The heat-transfer coefficient
thus could be determined by making measurements of the frictional drag on a plate under
conditions in which no heat transfer is involved.

It turns out that Equation (5-56) can also be applied to turbulent flow over a flat plate
and in a modified way to turbulent flow in a tube. It does not apply to laminar tube flow. In
general, a more rigorous treatment of the governing equations is necessary when embarking
on new applications of the heat-transfer–fluid-friction analogy, and the results do not always
take the simple form of Equation (5-56). The interested reader may consult the references
at the end of the chapter for more information on this important subject. At this point, the
simple analogy developed above has served to amplify our understanding of the physical
processes in convection and to reinforce the notion that heat-transfer and viscous-transport
processes are related at both the microscopic and macroscopic levels.

EXAMPLE 5-8 Drag Force on a Flat Plate

For the flow system in Example 5-4 compute the drag force exerted on the first 40 cm of the plate
using the analogy between fluid friction and heat transfer.

Solution
We use Equation (5-56) to compute the friction coefficient and then calculate the drag force. An
average friction coefficient is desired, so

St Pr2/3 = Cf

2
[a]

The density at 316.5 K is

ρ= p

RT
= 1.0132 × 105

(287)(316.5)
= 1.115 kg/m3

For the 40-cm length

St = h

ρcpu∞
= 8.698

(1.115)(1006)(2)
= 3.88 × 10−3

Then from Equation (a)

Cf

2
= (3.88 × 10−3)(0.7)2/3 = 3.06 × 10−3

The average shear stress at the wall is computed from Equation (5-52):

τw=Cf ρu
2∞
2

= (3.06 × 10−3)(1.115)(2)2

= 0.0136 N/m2

The drag force is the product of this shear stress and the area,

D= (0.0136)(0.4)= 5.44 mN [1.23 × 10−3 lbf ]
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5-8 TURBULENT-BOUNDARY-LAYER
HEAT TRANSFER

Consider a portion of a turbulent boundary layer as shown in Figure 5-10. A very thin region
near the plate surface has a laminar character, and the viscous action and heat transfer take
place under circumstances like those in laminar flow. Farther out, at larger y distances
from the plate, some turbulent action is experienced, but the molecular viscous action and
heat conduction are still important. This region is called the buffer layer. Still farther out,
the flow is fully turbulent, and the main momentum- and heat-exchange mechanism is one
involving macroscopic lumps of fluid moving about in the flow. In this fully turbulent region
we speak of eddy viscosity and eddy thermal conductivity. These eddy properties may be
10 to 20 times as large as the molecular values.

The physical mechanism of heat transfer in turbulent flow is quite similar to that in
laminar flow; the primary difference is that one must deal with the eddy properties instead
of the ordinary thermal conductivity and viscosity. The main difficulty in an analytical
treatment is that these eddy properties vary across the boundary layer, and the specific
variation can be determined only from experimental data. This is an important point. All
analyses of turbulent flow must eventually rely on experimental data because there is no
completely adequate theory to predict turbulent-flow behavior.

If one observes the instantaneous macroscopic velocity in a turbulent-flow system,
as measured with a laser anemometer or other sensitive device, significant fluctuations
about the mean flow velocity are observed as indicated in Figure 5-11, where u is designated
as the mean velocity and u′ is the fluctuation from the mean. The instantaneous velocity is
therefore

u=u+ u′ [5-57]

The mean value of the fluctuation u′ must be zero over an extended period for steady flow
conditions. There are also fluctuations in the y component of velocity, so we would write

v= v+ v′ [5-58]

The fluctuations give rise to a turbulent-shear stress that may be analyzed by referring to
Figure 5-12.

For a unit area of the plane P-P, the instantaneous turbulent mass-transport rate across
the plane is ρv′. Associated with this mass transport is a change in the x component of

Figure 5-10 Velocity profile in turbulent boundary layer on a
flat plate.
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Figure 5-11 Turbulent fluctuations with time.
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Figure 5-12 Turbulent shear stress and mixing length.
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velocity u′. The net momentum flux per unit area, in the x direction, represents the turbulent-
shear stress at the plane P-P, or ρv′u′. When a turbulent lump moves upward (v′> 0), it
enters a region of higher u and is therefore likely to effect a slowing-down fluctuation in u′,
that is, u′< 0. A similar argument can be made for v′< 0, so that the average turbulent-shear
stress will be given as

τt = −ρv′u′ [5-59]

We must note that even though v′ = u′ = 0, the average of the fluctuation product u′v′ is
not zero.

Eddy Viscosity and the Mixing Length

Let us define an eddy viscosity or eddy diffusivity for momentum εM such that

τt = −ρv′u′ = ρεM du
dy

[5-60]

We have already likened the macroscopic transport of heat and momentum in turbulent
flow to their molecular counterparts in laminar flow, so the definition in Equation (5-60) is a
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natural consequence of this analogy. To analyze molecular-transport problems one normally
introduces the concept of mean free path, or the average distance a particle travels between
collisions. Prandtl introduced a similar concept for describing turbulent-flow phenomena.
The Prandtl mixing length is the distance traveled, on the average, by the turbulent lumps
of fluid in a direction normal to the mean flow.

Let us imagine a turbulent lump that is located a distance � above or below the plane
P-P, as shown in Figure 5-12. These lumps of fluid move back and forth across the plane
and give rise to the eddy or turbulent-shear-stress effect. At y+ � the velocity would be
approximately

u(y+ �)≈ u(y)+ �∂u
∂y

while at y− �,
u(y− �)≈ u(y)− �∂u

∂y

Prandtl postulated that the turbulent fluctuation u′ is proportional to the mean of the above
two quantities, or

u′ ≈ �∂u
∂y

[5-61]

The distance � is called the Prandtl mixing length. Prandtl also postulated that v′ would be
of the same order of magnitude as u′ so that the turbulent-shear stress of Equation (5-60)
could be written

τt = −ρu′v′ = ρ�2
(
∂u

∂y

)2

= ρεM ∂u
∂y

[5-62]

The eddy viscosity εM thus becomes

εM = �2 ∂u

∂y
[5-63]

We have already noted that the eddy properties, and hence the mixing length, vary
markedly through the boundary layer. Many analysis techniques have been applied over the
years to take this variation into account. Prandtl’s hypothesis was that the mixing length is
proportional to distance from the wall, or

�=Ky [5-64]

where K is the proportionality constant. The additional assumption was made that in the
near-wall region the shear stress is approximately constant so that τt ≈ τw. When this
assumption is used along with Equation (5-64), Equation (5-62) yields

τw= ρK2y2
(
∂u

∂y

)2

Taking the square root and integrating with respect to y gives

u= 1

K

√
τw

ρ
ln y+C [5-65]

whereC is the constant of integration. Equation (5-65) matches very well with experimental
data except in the region very close to the wall, where the laminar sublayer is present. In
the sublayer the velocity distribution is essentially linear.
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Let us now quantify our earlier qualitative description of a turbulent boundary layer
by expressing the shear stress as the sum of a molecular and turbulent part:

τ

ρ
= (ν+ εM)∂u

∂y
[5-66]

The so-called universal velocity profile is obtained by introducing two nondimensional
coordinates

u+ = u√
τw/ρ

[5-67]

y+ =
√
τw/ρy

ν
[5-68]

Using these parameters and assuming τ≈ constant, we can rewrite Equation (5-66) as

du+ = dy+

1 + εM/ν [5-69]

In terms of our previous qualitative discussion, the laminar sublayer is the region where
εM ∼ 0, the buffer layer has εM ∼ ν, and the turbulent layer has εM � ν. Therefore, taking
εM = 0 in Equation (5-69) and integrating yields

u+ = y+ + c
At the wall, u+ = 0 for y+ = 0 so that c= 0 and

u+ = y+ [5-70]

is the velocity relation (a linear one) for the laminar sublayer. In the fully turbulent region
εM/ν� 1. From Equation (5-65)

∂u

∂y
= 1

K

√
τw

ρ

1

y

Substituting this relation along with Equation (5-64) into Equation (5-63) gives

εM =K
√
τw

ρ
y

or
εm

ν
=Ky+ [5-71]

Substituting this relation in Equation (5-69) for εM/ν� 1 and integrating gives

u+ = 1

K
ln y+ + c [5-72]

This same form of equation will also be obtained for the buffer region. The limits of each
region are obtained by comparing the above equations with experimental velocity measure-
ments, with the following generally accepted constants:

Laminar sublayer: 0<y+< 5 u+ = y+

Buffer layer: 5<y+< 30 u+ = 5.0 ln y+ − 3.05 [5-73]

Turbulent layer: 30<y+< 400 u+ = 2.5 ln y+ + 5.5
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The equation set (5-73) is called the universal velocity profile and matches very well
with experimental data; however, we should note once again that the constants in the equa-
tions must be determined from experimental velocity measurements. The satisfying point
is that the simple Prandtl mixing-length model yields an equation form that fits the data
so well.

Turbulent heat transfer is analogous to turbulent momentum transfer. The turbulent
momentum flux postulated by Equation (5-59) carries with it a turbulent energy fluctuation
proportional to the temperature gradient. We thus have, in analogy to Equation (5-62),

( q
A

)
turb

= −ρcpεH ∂T
∂y

[5-74]

or, for regions where both molecular and turbulent energy transport are important,

q

A
= −ρcp(α+ εH)∂T

∂y
[5-75]

Turbulent Heat Transfer Based on Fluid-Friction Analogy

Various analyses, similar to the one for the universal velocity profile above, have been
performed to predict turbulent-boundary-layer heat transfer. The analyses have met with
good success, but for our purposes the Colburn analogy between fluid friction and heat
transfer is easier to apply and yields results that are in agreement with experiment and of
simpler form.

In the turbulent-flow region, where εM � ν and εH �α, we define the turbulent Prandtl
number as

Prt = εM

εH
[5-76]

If we can expect that the eddy momentum and energy transport will both be increased
in the same proportion compared with their molecular values, we might anticipate that
heat-transfer coefficients can be calculated by Equation (5-56) with the ordinary molecular
Prandtl number used in the computation. In the turbulent core of the boundary layer the
eddy viscosity may be as high as 100 times the molecular value experienced in the laminar
sublayer, and a similar behavior is experienced for the eddy diffusivity for heat compared to
the molecular diffusivity. To account for the Prandtl number effect over the entire boundary
layer a weighted average is needed, and it turns out that use of Pr2/3 works very well and
matches with the laminar heat-transfer–fluid-friction analogy. We thus will base our cal-
culations on this analogy, and we need experimental values for Cf for turbulent boundary
layer flows to carry out these computations.

Schlichting [1] has surveyed experimental measurements of friction coefficients for
turbulent flow on flat plates. We present the results of that survey so that they may be
employed in the calculation of turbulent heat transfer with the fluid-friction–heat-transfer
analogy. The local skin-friction coefficient is given by

Cfx = 0.0592 Re−1/5
x [5-77]

for Reynolds numbers between 5 × 105 and 107.At higher Reynolds numbers from 107 to
109 the formula of Schultz-Grunow [8] is recommended:

Cfx = 0.370(log Rex)
−2.584 [5-78]
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The average-friction coefficient for a flat plate with a laminar boundary layer up to Recrit
and turbulent thereafter can be calculated from

Cf = 0.455

(log ReL)2.584
− A

ReL
ReL < 109 [5-79]

where the constant A depends on Recrit in accordance with Table 5-1. A somewhat simpler
formula can be obtained for lower Reynolds numbers as

Cf = 0.074

Re1/5
L

− A

ReL
ReL < 107 [5-80]

Table 5-1

Recrit 3 × 105 5 × 105 106 3 × 106

A 1055 1742 3340 8940

Equations (5-79) and (5-80) are in agreement within their common range of applicability,
and the one to be used in practice will depend on computational convenience.

Applying the fluid-friction analogy St Pr2/3 =Cf /2, we obtain the local turbulent heat
transfer as:

Stx Pr2/3 = 0.0296 Re−1/5
x 5 × 105<Rex < 107 [5-81]

or

Stx Pr2/3 = 0.185(log Rex)
−2.584 107<Rex < 109 [5-82]

The average heat transfer over the entire laminar-turbulent boundary layer is

St Pr2/3 = Cf

2
[5-83]

For Recrit = 5 × 105 and ReL < 107, Equation (5-80) can be used to obtain

St Pr2/3 = 0.037 Re−1/5
L − 871 Re−1

L [5-84]

Recalling that St = Nu/(ReL Pr), we can rewrite Equation (5-84) as

NuL= hL

k
= Pr1/3(0.037 Re0.8

L − 871) [5-85]

The average heat-transfer coefficient can also be obtained by integrating the local values
over the entire length of the plate. Thus,

h= 1

L

(∫ xcrit

0
hlam dx+

∫ L

xcrit

hturb dx

)

Using Equation (5-55) for the laminar portion, Recrit = 5 × 105, and Equation (5-81) for the
turbulent portion gives the same result as Equation (5-85). For higher Reynolds numbers
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the friction coefficient from Equation (5-79) may be used, so that

NuL= hL

k
= [0.228ReL(log ReL)

−2.584 − 871]Pr1/3 [5-85a]

for 107<ReL < 109 and Recrit = 5 × 105.
The reader should note that if a transition Reynolds number different from 500,000

is chosen, then Equations (5-84) and (5-85) must be changed accordingly. An alternative
equation is suggested by Whitaker [10] that may give better results with some liquids
because of the viscosity-ratio term:

NuL= 0.036 Pr0.43(Re0.8
L − 9200)

(
μ∞
μw

)1/4

[5-86]

for

0.7< Pr< 380

2 × 105<ReL < 5.5 × 106

0.26<
μ∞
μw

< 3.5

All properties exceptμw are evaluated at the free-stream temperature. For gases the viscosity
ratio is dropped and the properties are evaluated at the film temperature.

Constant Heat Flux

For constant-wall-heat flux in turbulent flow it is shown in Reference 11 that the local
Nusselt number is only about 4 percent higher than for the isothermal surface;
that is,

Nux = 1.04 Nux
]
Tw=const

[5-87]

Some more comprehensive methods of correlating turbulent-boundary-layer heat trans-
fer are given by Churchill [11].

Turbulent Heat Transfer from
Isothermal Flat Plate EXAMPLE 5-9

Air at 20◦C and 1 atm flows over a flat plate at 35 m/s. The plate is 75 cm long and is maintained
at 60◦C. Assuming unit depth in the z direction, calculate the heat transfer from the plate.

Solution
We evaluate properties at the film temperature:

Tf = 20 + 60

2
= 40◦C = 313 K

ρ= p

RT
= 1.0132 × 105

(287)(313)
= 1.128 kg/m3

μ= 1.906 × 10−5 kg/m · s

Pr = 0.7 k= 0.02723 W/m · ◦C cp= 1.007 kJ/kg · ◦C
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250 5-9 Turbulent-Boundary-Layer Thickness

The Reynolds number is

ReL= ρu∞L
μ

= (1.128)(35)(0.75)

1.906 × 10−5 = 1.553 × 106

and the boundary layer is turbulent because the Reynolds number is greater than 5 × 105. Therefore,
we use Equation (5-85) to calculate the average heat transfer over the plate:

NuL= hL

k
= Pr1/3(0.037 Re0.8

L − 871)

= (0.7)1/3[(0.037)(1.553 × 106)0.8 − 871] = 2180

h= NuL
k

L
= (2180)(0.02723)

0.75
= 79.1 W/m2 · ◦C [13.9 Btu/h · ft2 · ◦F]

q=hA(Tw− T∞)= (79.1)(0.75)(60 − 20)= 2373 W [8150 Btu/h]

5-9 TURBULENT-BOUNDARY-LAYER THICKNESS
A number of experimental investigations have shown that the velocity profile in a turbulent
boundary layer, outside the laminar sublayer, can be described by a one-seventh-power
relation

u

u∞
= y

δ

1/7
[5-88]

where δ is the boundary-layer thickness as before. For purposes of an integral analysis the
momentum integral can be evaluated with Equation (5-88) because the laminar sublayer is
so thin. However, the wall shear stress cannot be calculated from Equation (5-88) because
it yields an infinite value at y= 0.

To determine the turbulent-boundary-layer thickness we employ Equation (5-17) for the
integral momentum relation and evaluate the wall shear stress from the empirical relations
for skin friction presented previously. According to Equation (5-52),

τw= Cfρu
2∞

2

and so for Rex < 107 we obtain from Equation (5-77)

τw= 0.0296

(
ν

u∞x

)1/5

ρu2∞ [5-89]

Now, using the integral momentum equation for zero pressure gradient [Equation (5-17)]
along with the velocity profile and wall shear stress, we obtain

d

dx

δ

0

[
1 −

(y
δ

1/7
] (y

δ

1/7
dy= 0.0296

(
ν

u∞x

)1/5

Integrating and clearing terms gives

dδ

dx
= 72

7
(0.0296)

(
ν

u∞

)1/5

x−1/5 [5-90]

We shall integrate this equation for two physical situations:

1. The boundary layer is fully turbulent from the leading edge of the plate.
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2. The boundary layer follows a laminar growth pattern up to Recrit = 5 × 105 and a tur-
bulent growth thereafter.

For the first case, we integrate Equation (5-89) with the condition that δ= 0 at x= 0 to
obtain

δ

x
= 0.381 Re−1/5

x [5-91]

For case 2 we have the condition

δ= δlam at xcrit = 5 × 105 ν

u∞
[5-92]

Now, δlam is calculated from the exact relation of Equation (5-21a):

δlam = 5.0xcrit(5 × 105)−1/2 [5-93]

Integrating Equation (5-89) gives

δ− δlam = 72

7
(0.0296)

(
ν

u∞

)1/5 5

4

(
x4/5 − x4/5

crit

)
[5-94]

Combining the various relations above gives

δ

x
= 0.381 Re−1/5

x − 10,256 Re−1
x [5-95]

This relation applies only for the region 5 × 105<Rex < 107.

Turbulent-Boundary-Layer Thickness EXAMPLE 5-10

Calculate the turbulent-boundary-layer thickness at the end of the plate for Example 5-9, assum-
ing that it develops (a) from the leading edge of the plate and (b) from the transition point at
Recrit = 5 × 105.

Solution
Since we have already calculated the Reynolds number as ReL= 1.553 × 106, it is a simple matter
to insert this value in Equations (5-91) and (5-95) along with x=L= 0.75 m to give

(a) δ= (0.75)(0.381)(1.553 × 106)−0.2 = 0.0165 m = 16.5 mm [0.65 in]
(b) δ= (0.75)[(0.381)(1.553 × 106)−0.2 − 10,256(1.553 × 106)−1]

= 0.0099 m = 9.9 mm [0.39 in]

The two values differ by 40 percent.

An overall perspective of the behavior of the local and average heat-transfer coeffi-
cients is indicated in Figure 5-13. The fluid is atmospheric air flowing across an isothermal
flat plate at u∞ = 30 m/s, and the calculations were made with Equations (5-55), (5-81), and
(5-85), which assume a value of Recrit = 5 × 105. The corresponding value of xcrit is
0.2615 m and the plate length is 5.23 m at Re = 107. The corresponding boundary-layer
thickness is plotted in Figure 5-14. As we have noted before, the heat-transfer coefficient
varies inversely with the boundary-layer thickness, and an increase in heat transfer is expe-
rienced when turbulence begins.
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Figure 5-13 Local and average heat-transfer coefficient for atmospheric airflow over
isothermal flat plate at u∞ = 30 m/s (a) semilog scale (b) log scale.
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Figure 5-14 Boundary-layer thickness for atmospheric air at u∞ = 30 m/s.
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5-10 HEAT TRANSFER IN LAMINAR TUBE FLOW
Consider the tube-flow system in Figure 5-15. We wish to calculate the heat transfer under
developed flow conditions when the flow remains laminar. The wall temperature is Tw, the
radius of the tube is ro, and the velocity at the center of the tube is u0. It is assumed that
the pressure is uniform at any cross section. The velocity distribution may be derived by
considering the fluid element shown in Figure 5-16. The pressure forces are balanced by
the viscous-shear forces so that

πr2 dp= τ2πr dx= 2πrμ dx
du

dr

or

du= 1

2μ
r
dp

dx
dr

Figure 5-15 Control volume for energy analysis in tube flow.

+

x

q

r0

dx

dr

qr

qr+dr 
(2πr dr)ucpT

πρ
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254 5-10 Heat Transfer in Laminar Tube Flow

Figure 5-16 Force balance on fluid element in tube flow.

r

(2πrdx)τ π

(p + dp)( r2)πp(πr2)π

dx

and

u= 1

4μ

dp

dx
r2 + const [5-96]

With the boundary condition

u= 0 at r= ro
u= 1

4μ

dp

dx
(r2 − r2

o)

the velocity at the center of the tube is given by

u0 = − r2
o

4μ

dp

dx
[5-97]

so that the velocity distribution may be written

u

u0
= 1 − r2

r2
o

[5-98]

which is the familiar parabolic distribution for laminar tube flow. Now consider the heat-
transfer process for such a flow system. To simplify the analysis, we assume that there is a
constant heat flux at the tube wall; that is,

dqw

dx
= 0

The heat flow conducted into the annular element is

dqr = −k2πr dx
∂T

∂r

and the heat conducted out is

dqr+dr = −k2π(r+ dr) dx
(
∂T

∂r
+ ∂2T

∂r2
dr

)

The net heat convected out of the element is

2πr dr ρcpu
∂T

∂x
dx

The energy balance is

Net energy convected out = net heat conducted in

or, neglecting second-order differentials,

rρcpu
∂T

∂x
dx dr= k

(
∂T

∂r
+ r ∂

2T

∂r2

)
dx dr
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which may be rewritten
1

ur

∂

∂r

(
r
∂T

∂r

)
= 1

α

∂T

∂x
[5-99]

We assume that the heat flux at the wall is constant, so that the average fluid temperature
must increase linearly with x, or

∂T

∂x
= const

This means that the temperature profiles will be similar at various x distances along the 
tube. The boundary conditions on Equation (5-99)

∂T

∂r
= 0 at r= 0

k
∂T

∂r

]
r=ro

= qw= const

To obtain the solution to Equation (5-99), the velocity distribution given by Equation (5-98)
must be inserted. It is assumed that the temperature and velocity fields are independent;
that is, a temperature gradient does not affect the calculation of the velocity profile. This is
equivalent to specifying that the properties remain constant in the flow. With the substitution
of the velocity profile, Equation (5-99) becomes

∂

∂r

(
r
∂T

∂r

)
= 1

α

∂T

∂x
u0

(
1 − r2

r2
o

)
r

Integration yields

r
∂T

∂r
= 1

α

∂T

∂x
u0

(
r2

2
− r4

4r2
o

)
+C1

and a second integration gives

T = 1

α

∂T

∂x
u0

(
r2

4
− r4

16r2
o

)
+C1 ln r+C2

Applying the first boundary condition, we find that

C1 = 0

The second boundary condition has been satisfied by noting that the axial temperature
gradient ∂T/∂x is constant. The temperature distribution may finally be written in terms of
the temperature at the center of the tube:

T = Tc at r= 0 so that C2 = Tc

T − Tc = 1

α

∂T

∂x

u0r
2
o

4

[(
r

ro

)2

− 1

4

(
r

ro

)4
]

[5-100]

The Bulk Temperature

In tube flow the convection heat-transfer coefficient is usually defined by

Local heat flux = q′′ =h(Tw− Tb) [5-101]

admin
스티커 노트
[5-98] equation 삽입입

admin
스티커 노트
at tube center, adiabatic condition

admin
강조

admin
강조

admin
강조



hol29362_Ch05 10/15/2008 16:48

# 101675 Cust: McGraw-Hill Au: Holman Pg. No.256 K/PMS 293

Title: Heat Transfer 10/e Server: Short / Normal / Long

DESIGN SERVICES OF

S4CARLISLE
Publishing Services

256 5-10 Heat Transfer in Laminar Tube Flow

where Tw is the wall temperature and Tb is the so-called bulk temperature, or energy-average
fluid temperature across the tube, which may be calculated from

Tb = T =
∫ ro

0 ρ2πr dr ucpT∫ ro
0 ρ2πr dr ucp

[5-102]

The reason for using the bulk temperature in the definition of heat-transfer coefficients for
tube flow may be explained as follows. In a tube flow there is no easily discernible free-
stream condition as is present in the flow over a flat plate. Even the centerline temperature
Tc is not easily expressed in terms of the inlet flow variables and the heat transfer. For most
tube- or channel-flow heat-transfer problems, the topic of central interest is the total energy
transferred to the fluid in either an elemental length of the tube or over the entire length
of the channel. At any x position, the temperature that is indicative of the total energy of
the flow is an integrated mass-energy average temperature over the entire flow area. The
numerator of Equation (5-102) represents the total energy flow through the tube, and the
denominator represents the product of mass flow and specific heat integrated over the flow
area. The bulk temperature is thus representative of the total energy of the flow at the
particular location. For this reason, the bulk temperature is sometimes referred to as the
“mixing cup” temperature, since it is the temperature the fluid would assume if placed in a
mixing chamber and allowed to come to equilibrium. For the temperature distribution given
in Equation (5-100), the bulk temperature is a linear function of x because the heat flux at
the tube wall is constant. Calculating the bulk temperature from Equation (5-102), we have

Tb = Tc + 7

96

u0r
2
o

α

∂T

∂x
[5-103]

and for the wall temperature

Tw= Tc + 3

16

u0r
2
o

α

∂T

∂x
[5-104]

The heat-transfer coefficient is calculated from

q=hA(Tw− Tb)= kA
(
∂T

∂r

)
r=ro

[5-105]

h= k(∂T/∂r)r=ro
Tw− Tb

The temperature gradient is given by

∂T

∂r

]
r=ro

= u0

α

∂T

∂x

(
r

2
− r3

4r2
o

)
r=ro

= u0ro

4α

∂T

∂x
[5-106]

Substituting Equations (5-103), (5-104), and (5-106) in Equation (5-105) gives

h= 24

11

k

ro
= 48

11

k

do

Expressed in terms of the Nusselt number, the result is

Nud = hdo

k
= 4.364 [5-107]

which is in agreement with an exact calculation by Sellars, Tribus, and Klein [3], that con-
siders the temperature profile as it develops. Some empirical relations for calculating heat
transfer in laminar tube flow will be presented in Chapter 6.
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We may remark at this time that when the statement is made that a fluid enters a tube
at a certain temperature, it is the bulk temperature to which we refer. The bulk temperature
is used for overall energy balances on systems.

5-11 TURBULENT FLOW IN A TUBE
The developed velocity profile for turbulent flow in a tube will appear as shown in
Figure 5-17. A laminar sublayer, or “film,” occupies the space near the surface, while
the central core of the flow is turbulent. To determine the heat transfer analytically for this
situation, we require, as usual, a knowledge of the temperature distribution in the flow. To
obtain this temperature distribution, the analysis must take into consideration the effect of
the turbulent eddies in the transfer of heat and momentum. We shall use an approximate
analysis that relates the conduction and transport of heat to the transport of momentum in
the flow (i.e., viscous effects).

The heat flow across a fluid element in laminar flow may be expressed by

q

A
= −k dT

dy

Dividing both sides of the equation by ρcp,

q

ρcpA
= −α dT

dy

It will be recalled that α is the molecular diffusivity of heat. In turbulent flow one might
assume that the heat transport could be represented by

q

ρcpA
= −(α+ εH)dT

dy
[5-108]

where εH is an eddy diffusivity of heat.
Equation (5-108) expresses the total heat conduction as a sum of the molecular conduc-

tion and the macroscopic eddy conduction. In a similar fashion, the shear stress in turbulent
flow could be written

τ

ρ
=
(
μ

ρ
+ εM

)
du

dy
= (ν+ εM)du

dy
[5-109]

where εM is the eddy diffusivity for momentum. We now assume that the heat and momen-
tum are transported at the same rate; that is, εM = εH and ν=α, or Pr = 1.

Dividing Equation (5-108) by Equation (5-109) gives
q

cpAτ
du= −dT

An additional assumption is that the ratio of the heat transfer per unit area to the shear
stress is constant across the flow field. This is consistent with the assumption that heat and

Figure 5-17 Velocity profile in turbulent tube flow.
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258 5-11 Turbulent Flow in a Tube

momentum are transported at the same rate. Thus

q

Aτ
= const = qw

Awτw
[5-110]

Then, integrating Equation (5-109) between wall conditions and mean bulk conditions gives

qw

Awτwcp

∫ u=um

u=0
du=

∫ Tb

Tw

−dT

qwum

Awτwcp
= Tw− Tb [5-111]

But the heat transfer at the wall may be expressed by

qw=hAw(Tw− Tb)
and the shear stress may be calculated from

τw= �p(πd2
o)

4πdoL
= �p

4

do

L

The pressure drop may be expressed in terms of a friction factor f by

�p= f L
do
ρ
u2
m

2
[5-112]

so that

τw= f

8
ρu2

m [5-113]

Substituting the expressions for τw and qw in Equation (5-111) gives

St = h

ρcpum
= Nud

Red Pr
= f

8
[5-114]

Equation (5-114) is called the Reynolds analogy for tube flow. It relates the heat-transfer
rate to the frictional loss in tube flow and is in fair agreement with experiments when used
with gases whose Prandtl numbers are close to unity. (Recall that Pr = 1 was one of the
assumptions in the analysis.)

An empirical formula for the turbulent-friction factor up to Reynolds numbers of about
2 × 105 for the flow in smooth tubes is

f = 0.316

Re1/4
d

[5-115]

Inserting this expression in Equation (5-113) gives

Nud
Red Pr

= 0.0395 Re−1/4
d

or
Nud = 0.0395 Re3/4

d [5-116]

since we assumed the Prandtl number to be unity. This derivation of the relation for turbulent
heat transfer in smooth tubes is highly restrictive because of the Pr ≈ 1.0 assumption. The
heat-transfer–fluid-friction analogy of Section 5-7 indicated a Prandtl-number dependence
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of Pr2/3 for the flat-plate problem and, as it turns out, this dependence works fairly well for
turbulent tube flow. Equations (5-114) and (5-116) may be modified by this factor to yield

St Pr2/3 = f

8
[5-114a]

Nud = 0.0395 Re3/4
d Pr1/3 [5-116a]

As we shall see in Chapter 6, Equation (5-116a) predicts heat-transfer coefficients that
are somewhat higher than those observed in experiments. The purpose of the discussion at
this point has been to show that one may arrive at a relation for turbulent heat transfer in a
fairly simple analytical fashion. As we have indicated earlier, a rigorous development of the
Reynolds analogy between heat transfer and fluid friction involves considerations beyond
the scope of our discussion, and the simple path of reasoning chosen here is offered for the
purpose of indicating the general nature of the physical processes.

For calculation purposes, a more correct relation to use for turbulent flow in a smooth
tube is Equation (6-4a), which we list here for comparison:

Nud = 0.023 Re0.8
d Pr0.4 [6-4a]

All properties in Equation (6-4a) are evaluated at the bulk temperature.
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 그림 23. 원형관에서 완전 발달된 유동의 마찰계수(Moody 선도)




